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Abstract. We present an analytic model to predict the optimal range formaxi-
mizing 1-hop broadcast coverage in dense ad-hoc wireless networks, using infor-
mation like network density and node sending rate. We first derive a geometric-
based, probabilistic model that describes the expected coverage as a function of
range, sending rate and density. Because we can only solve the resulting equations
numerically, we next develop extrapolations that find the optimum range for any
rate and density given a single precomputed optimum. Finally using simulation,
we show that in spite of many simplifications in the model, ourextrapolation is
able to predict the optimal range to within 16%.

1 Introduction

We consider the problem of how networks of extremely dense embedded devices con-
nected by a wireless network can set their output power to maximize the number of
1-hop receivers of a broadcast message. Many recent protocols proposed for use in ad-
hoc wireless networks, such as directed diffusion [2] and ad-hoc positioning [8], rely on
periodic broadcasts. In addition, many protocols, such as code propagation [6] and dy-
namic source routing (DSR) [3] rely on aperiodic broadcasts. Indeed, the fundamental
broadcast nature of wireless networks makes broadcast an ideal building block for the
discovery, routing and localization functions, which willbe critical for future ad-hoc
wireless systems.

At the same time, as technology trends continue to reduce thesize, power consump-
tion and cost of embedded wireless network devices, the scale of the networks built with
them will continue to grow. For example, sensors are rapidlyapproaching the small size
and low cost necessary for novel usage such asactive tagging, i.e., representing the state
of common everyday objects such as furniture, pens, and books. Our initial measure-
ments of a common indoor environment for the active tagging application show that the
average degree of such a network could easily range up to several hundred.

Given the high densities of these future sensor networks, a resulting challenge for
applications using broadcast will be how to manage channel capacity to ensure good
performance in terms of throughput, fairness and broadcastcoverage. This challenge
arises because if all nodes act greedily, using the maximum range, the channel will
collapse; that is, the likelihood of any neighbors receiving the message correctly quickly



approaches zero in dense networks due to collisions. As shown in [6], many protocols
perform poorly as density increases because of this issue.

We are thus motivated to consider how devices in these networks can maximize
the number of 1-hop receivers of a broadcast message. We refer to broadcastas the
1-hop message, as opposed tofloodingwhich intends to cover all the nodes via multi-
hop forwarding. We choose to examine broadcast coverage because it is an important
metric for protocols using broadcast as a building block. Inaddition, a network without
good broadcast coverage is unlikely to have good throughputor latency properties —
if many nodes fail to receive a broadcast message they would most likely have trouble
receiving a normal unicast message due to the fundamental channel properties (i.e., a
single sender impacts many receivers) of wireless transmission.

Our approach centers on thespatial reuseof wireless resources. Specifically, given
the surrounding sending rate, node density, and a simple geometric model of wire-
less communication to compute the radio range, each node canjust set its range to the
optimal value, which probabilistically maximizes the 1-hop coveragefor a broadcast
packet. We use radio range as a parameter because it is more tractable to analyze than
output power directly; adjusting output power to achieve the computed optimal range is
future work.

To derive our analytic approach, we first build a geometric model that predicts the
likelihood of a collision given all nodes in a uniform density network broadcasting at the
same rate using the same range. Using this model we can numerically solve for the opti-
mal range for any combination of density and broadcast rate.Unfortunately, we cannot
use the above model analytically since the optimal range is not easily computable using
a closed-form formula. Thus, we next introduce two relations from which we can build
an extrapolation that can be used in real-time to compute a range setting that is close
to optimal based on information about the local density and sending rate. We show that
simplifying assumptions made in deriving the model and the inexactness of one of the
extrapolation relations leads to at most 16% error in estimating the optimal range.

We argue that our analytic approach is quite applicable to small wireless devices
because of its simplicity; the complexity is buried offline in the numeric solver leaving
the nodes to only perform the lighter weight extrapolation.In addition, we believe that
estimations of the local density and sending rate are possible via local observations on
the transmission channel. For example, distances to neighbor nodes can be computed
using signal strength [1] or signal timing-differential approaches [9]. We leave the exact
nature of density estimation as future work.

The rest of this paper are organized as following: In Section2, we construct the
geometric model. Section 3 introduces the extrapolation method. In Section 4 we eval-
uate the approach via simulation. We compare and contrast our work to related work in
Section 5. Finally, in Section 6 we conclude.

2 Model Construction

In this section, we develop an analytic model to derive optimal transmission range based
on the sending rate and node density. For simplicity, we develop only a two-dimensional
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Fig. 1. Definitions and assumptions behind the derivation of our model in 2 dimensions.
(a) shows the basic setup of our model, whereNt is the transmitting node, the white cir-
cle encapsulate nodes that should receive a transmission fromNt, called the transmit
circle, and the slant-shaded area contains nodes that can interfere with the reception of
Nt’s packet. (b) shows what happens when a nodeA interferes withNt’s transmission
causing some nodes in the transmit circle to fail. Here we assume thatA is the inter-
fering node closest toNt, with distance X from the outer circle (2R) of the interference
torus.

model; extending the model to three-dimensions is straightforward. (All our simulations
run in the full three dimensions.)

We use a set of assumptions to make an analytic solution tractable: (1) nodes are
spatially distributed according to a Poisson distributionwith an average density ofλs;
(2) applications running on each node generate packets to send according to a Poisson
distribution with average rateλp; (3) all packets are of the same length and take timeT

to transmit; and, (4) all nodes use a CSMA protocol. We also use a fairly simple wireless
communication model similar to the one in [11]: all nodes have the same radio range,
where nodes withinR distance from a transmitter will detect the packet transmission
while those further away will not. More than one packet transmission within distanceR
to a receiver will cause collision and all overlapped packets at the receiver are corrupted.



Figure 1 shows the geometric reasoning underlying our model, which derives the
expected coverage for a particular transmitter given the assumptions listed above. We
call the area within distanceR of the transmitter thetransmit circle. During a packet
transmission, nodes inside the transmit circle will detectthe transmission and thus be
blocked from transmitting via CSMA. Transmissions from within theinterference torus
(the slant shaded area bounded by circles with radiusR and2R from the transmitter,
shown in Figure 1 (a)) will have a similar effect as hidden terminals, interfering with
the receipt of the packet for some of the nodes in the transmitcircle. We assume that the
sending rates of nodes in the interference torus are not affected by CSMA; that is, trans-
mission for each of those nodes is still independently defined by a Poisson distribution.
This assumption means that we do not have to consider nodes that are further than2R

away from the transmitter, since their only effect on the nodes under consideration is
through CSMA. This assumption is conservative since CSMA effectively slows down
the sending rate, implying that the model will overestimatethe number of interfering
packets.

We call a node within the transmit circle that does not correctly receive the trans-
mitted packet afailed node. Thus, we model packet coverage as the number of nodes
that can detect a particular packet transmission minus failed nodes, which gives the
following equation:

E(C) = λs(πR2) − E(number of failed nodes)

whereλs(πR2) is just the expected number of nodes in the transmit circle. As can be
seen, the task of modeling coverage really becomes a task of deriving the number of
failed nodes. An exact derivation, however, would be quite challenging because in the
general case, we would have to account for multiple overlapping circular interference
regions caused by colliding transmissions from the interference torus. One method to
make the analysis tractable is to assume that if a node with distanced to the transmitter
fails, then all nodesi with distancedi ≥ d also fail. This assumption effectively means
that the modeled total failing area (shown as the verticallyshadedworst-case failing
area in Figure 1 (b)) will be decided by the distance from the transmitter to thenearest
interfering node. Clearly this simplification is conservative; the modeled failing area
will always be larger than or equal to the true failing area. However, the worst-case
failing area computation is now easily tractable.

Let X be a random variable that represents the distance from the nearest interfering
node (A in Figure 1(b)) to the outer ring of the torus. LetAs (the slant shaded area in
Figure 1(b)) be the area of the Interference torus containing nodes which are closer to
the transmitter thanA is to the transmitter, such that

As = π((2R − x)2 − R2)

Then, the CDF forX is:

P (X ≤ x) =

∞
∑

k=0

[

P (k nodes inAs) (P (a node does not transmit for 2T))
k
]

It gives the probability that the closest interfering node is at least (2R − x) away from
the transmitter; i.e., the probability that no nodes withinAs transmit during the current



transmission. (We use2T as the bounding time range since unslotted CSMA needs both
the current transmission periodT and the previousT period to be quiet for a successful
reception.) Substituting in the appropriate parameters, this equation becomes

P (X ≤ x) =

∞
∑

k=0

[(

(λsAs)
ke−λsAs

k!

)

(

e−λp2T
)k

]

= e−λsAs

∞
∑

k=0

[

(λsAse
−λp2T )k

k!

]

= e−λsAseλsAse−λp2T

= e−λsAs(1−e−λp2T ) (1)

Thus, the expected number of failed nodes in the worst case can be readily computed
as:

NFw =

∫ R

0

[

λsπ(R2
− (R − x)2)P (x ≤ X ≤ x + dx)

]

(2)

whereπ(R2 − (R − x)2) represents theworst-case failing area(shown as the vertical
shaded area in Figure 1(b)).

As mentioned above, approximating the failing area withworst-case failing area
is conservative. Particularly, when there are very few interfering transmitters, this sim-
plification is too conservative, and thus unable to provide agood approximation. To
account for the inaccuracy, we set a threshold for the expected number of interfering
transmitters. Only when the expected number reaches this threshold, we use the worst-
case failing area as the modeled failing area; otherwise we use portions of the worst-case
failing area.

To compute the expected number of interfering transmitters, we need to derive an
expression for theaggregate sending rategiven an average node densityλs and average
individual sending rateλp. Recall that we model the transmission at each node as an
independent Poisson process with intensityλp, which will transmit with probability
1 − e−λpt. Given a density, the aggregate sending rate observed per unit area then
is simply λs(1 − e−λpt). Thus the expected number of interfering transmitters is the
aggregate transmission from the interference torus area:

E(Tr) = λs(1 − e−λp2T )π((2R)2 − R2) (3)

We derive the interfering transmitters threshold by assuming all the interfering
transmitters sit in the middle of the interference torus radius 1 (i.e.,32R to the center
of the transmit circle). We can then compute the worst-case failing area and the inter-
fered area from a single interfering transmitter respectively. The ceiling for the quotient

1 Through similar simulation validations as in Section 4 we find that assuming the interfering
transmitters are in the middle of the interference torus area/volume would give a better approx-
imation, but that underestimates the collisions in a few cases, which is not conservative with
respect to R.



of these two areas is used as the threshold. The threshold for2 dimensions is 62, and
for 3 dimensions is 11.

Finally, we complete the model as the following piecewise function:

E(C) =

{

λs(πR2) − E(Tr)
6 NFw E(Tr) < 6

λs(πR2) − NFw E(Tr) ≥ 6
(4)

3 Practical Usage of the Model

The model we have just derived gives us a mathematical means to estimate the coverage
givenλs, λp andT . Unfortunately, the final result is not a closed form formulaand so
requires numeric methods to find theR value (Ro) that maximizes the coverage. This
makes it impractical for the embedded devices to use the model directly at run-time.
Thus, in this section, we derive two relations that will allow us to find anyRo given
a single pre-computedRo for a particular tuple of (λs, λp, T ). These extrapolations
thus make it tractable to findRo in the context of a running protocol stack on resource-
constrained devices.

3.1 Relating Density to Coverage

We begin by deriving a relationship between the expected coverage of two scenarios
with the same sending rate (λp) but different densities(λs). In particular, given two
scenarios(λp1, λs1, R1) and(λp2, λs2, R2) with the same sending rate, the expected
coverage between the two scenarios is the same when the ranges encircle the same
expected number of nodes. Specifically:

λp1 = λp2 , λs1R
2
1 = λs2R

2
2 ⇒ E(C1) = E(C2) (5)

To show that the above relationship holds, observe that since λs1R
2
1 = λs2R

2
2, the

two scenarios are geometrically identical given our model represented by Figure 1. That
is, the expected number of nodes in the transmit circle and inthe interference torus
are exactly the same across the two scenarios. Further, since all nodes are spatially
distributed according to a Poisson distribution and have the same packet sending rate,
λp, we can conclude that each node’s transmission will be equally affected in the two
cases, which means that the expected coverage in the two cases will be the same.

3.2 Relating the Sending Rate to Coverage

Having derived a relationship between density and coverage, we now consider the other
dimension, the sending rate. The intuition is to derive a relationship describing the ex-
pected coverage change as we vary the number of interfering transmissions while keep-
ing the range constant.

2 For 2 dimensions, the worst-case failing area in this case is3

4
πR

2. For 2 circles with
radius R and the centers d apart (d < 2R), the intersection area can be computed as
(2R

2 cos−1( d

2R
) − d

2

√
4R2 − d2). Thus, the interfered area from a single interfering trans-

mitter is (R2(cos−1( 3

4
) − 3

√

7

8
)). So the threshold isd5.19e = 6.



We have shown in Section 2 that given an average node densityλs and average
individual sending rateλp, the aggregate sending rate observed per unit area is simply
λs(1− e−λpt). Now, given two scenarios(λp1, λs1, R1) and(λp2, λs2, R2), we wish to
show that

λs1

(

1 − e−λp12T
)

= λs2

(

1 − e−λp22T
)

, R1 = R2 ⇒
E(C1)

E(C2)
=

λs1

λs2
(6)

To show that this relationship holds, observe thatE(C) as defined in equation 4 can be
rewritten as:

E(C) = λsπΨ (R, λs, λp) , with Ψ (R, λs, λp) =

{

R2 −
E(Tr)

6
NFw

λsπ
E(Tr) < 6

R2 −
NFw

λsπ
E(Tr) ≥ 6

Sinceλs1(1 − e−λp12T ) = λs2(1 − e−λp22T ) andR1 = R2, combining the above
equation with equations 1, 2 and 3 shows that theΨ (R, λs, λp) portion of the above

equation is the same for the two scenarios. Thus, we concludethat E(C1)
E(C2)

= λs1

λs2

.
Note that since the effect of CSMA on the observed aggregate sending rate changes

with the density, our assumption of independent transmission rate in the interference
torus translates to different levels of inaccuracy for different densities. Thus, the rela-
tionship just derived is not exact, whereas the first relationship is exact.

3.3 Extrapolation Using the Derived Relations

We now show how the above two relations can be used to find the optimal transmission
rangeRo for an arbitrary network defined by the tuple (λs, λp, T ).

As described in Section 1 and verified in our experiments, thecurve plotting ex-
pected coverage against the transmission range in a specificsetting would follow a bell
shape. The range corresponding to the maximum expected coverage is theRo for this
specific setting.

Using equation 5, if we keepλp fixed while changingλs to λ′

s, then

E(C(λ′

s, λp, r
′)) = E(C(λs, λp, r)), where λ′

sr
′2 = λsr

2

In essence, when we increaseλs, the bell curve moves left and becomes sharper; when
we decreaseλs, the curve moves right and becomes flatter. However, the curve will
remain bell shaped such that the newR′

o is given by

R′

o =

√

λsR2
o

λ′

s

(7)

Using equation 6, if we change bothλp andλs but keepλs(1 − e−λp2T ) as well
asR constant, then the expected coverage for each transmissionrange value will scale
according to

E(C(λ′

s, λ
′

p, r)) = E(C(λs, λp, r))
λ

′

s

λs

, where λs

(

1 − e−λp2T
)

= λ
′

s

(

1 − e−λ
′

p2T
)



The above relation means that the new curve for expected coverage will change along
the y-axis but not the x-axis: it will shrink when we decreaseλs and grow when we
increaseλs. So, the originalRo will still correspond to the maximum coverage, i.e.:

λs(1 − e−λp2T ) = λ
′

s(1 − e−λ
′

p2T ) ⇒ R
′

o = Ro (8)

Putting the above reasoning together, if we knowRo1 for a particular tuple (λs1, λp1),
then we can computeRo2 for any other tuple (λs2, λp2), assuming that packets are of
the same size and soT stays constant. This computation, which is just an extrapolation
along the dual dimensions ofλs andλp, is done as follows. Let

λp3 = λp1 and λs3(1 − e−λp32T ) = λs2(1 − e−λp22T )

Then, using equations 7 and 8, we can compute that

Ro3 =

√

λs1R
2
o1

λs3
and Ro2 = Ro3

Thus,

Ro2 =

√

λs1R
2
o1

λs3
=

√

λs1 (1 − e−λp12T )R2
o1

λs2 (1 − e−λp22T )

shows that we can derive the optimal transmission range for any tuple (λs, λp) given a
known optimal range for one such tuple. In the remainder of the paper, we will useCo

to denote the quantityλs1

(

1 − e−λp12T
)

R2
o1.

4 Model Validation

We now proceed to quantify the error introduced by the various simplifying assump-
tions that make the derivation and analysis of the model tractable; specifically: (1) the
assumption that sending rates of nodes in the interference torus are not affected by
CSMA, and (2) approximating the failing area with portions of the whole worst-case
failing area. We use a simulation-based approach, where we simulate a large number
of scenarios and then compare the observed optimal range with that predicted by the
model. In particular, our simulator captures the rate-limiting effect of CSMA and there
is no approximation involved in counting successful or failed receptions. We shall see
that under a wide range of conditions, the modeling error never results in a range pre-
diction error of more than 16%.

Our validation process is as follows: We first numerically solve Co for a number of
different (λs, λp) tuples with a constantT (0.04 sec.). Although our extrapolations are
not exact, we found that all the numerically computedCo values agreed to within 4 dig-
its, and thus we always useCo = 0.188. Next, we simulated various network scenarios
to empirically find the optimalRo for different settings of (λs, λp) and compare them
against the ones computed using extrapolation fromCo. To find the empiricalRo, we
experimentally plot the coverage vs. range curve while varying R to find the one that
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Fig. 2. Validation results. The Figure shows the percentage difference in the optimal
ranges, obtained via simulation and analytic model, vs. density and sending rate.

maximizes coverage. (In both experiment sets, the exploredgranularity for transmission
ranges is 0.1m.)

Our simulator models 3 dimensional spaces. The network configuration and wire-
less communication follow the same basic model as describedin Section 2. To account
for boundary effects, we implemented spatial wrap-around,where transmissions prop-
agate at the edge of the space as if space is a torus. In all of the experiments, we make
sure that the tested range is fairly small compared to the modeled space so that the
spatial correlations resulted from wrap-around do not significantly affect the results.

Figure 2 presents our validation results, showing the percentage difference in the
optimal range obtained via simulation and the analytic model; here the analytic model
always under-predicts the range, which we believe to be goodsince a small under uti-
lization of the channel is preferable to an over-aggressiverange setting that could lead
to channel collapse.

Experiment set 1 corresponds to a small fraction of the parameter space, which al-
lows us to extensively test each point. All the experiments in set 1 ran in a100× 100×
100m3 volume. Each parameter setting is tested with multiple spatial configurations.
Specifically, 10 randomized configurations if the number of nodes is less than 5000;
otherwise 5 configurations. The experiments ran until the time when each node is ex-
pected to have sent 50 messages. The final coverage for a particular setting is averaged
over all nodes.

Experiment set 2 corresponds to broader settings along bothλs andλp dimensions,
covering most practical scenarios (Notice the axes in Figure 2(b) are not linear). Com-
pared to experiment set 1, this set extends to much higher densities and slower sending
rates. However, because some of the settings require simulating tens of thousands nodes
we have not been able to test each point as extensively as we did for set 1. For example,
the simulations are run on only one spatial configuration. Webelieve the average over
the large number of nodes involved in each simulation will average out the effects of
these limitations.

In all, our validation shows that the extrapolation can predict Ro to within 16%. We
believe that this is reasonably accurate for applying our model to real practical settings.



5 Related Work

We categorize related work into three general areas: topology control, MAC layer im-
provements, and analytic modeling.

Topology ControlWhile all the range adjustment to control topology work below im-
proves spatial reuse, their more prominent goal has been energy conservation while
maintaining connectivity. Our work does not consider energy use; we instead maximize
the 1-hop broadcast coverage at the expense of energy. Our work also does not provide
connectivity guarantees.

The work in [10] formulated topology control as an optimization problem and pro-
vided a centralized algorithm to find the minimum power that should be used by each
node to achieve the objective. [12] used an orientation approach, where each node
keeps increasing its range until the collected orientationinformation guarantees con-
nectivity. The algorithm in [5] works closely with the routing layer rather than at the
MAC layer. By locally comparing the multiple routing tables, a node could choose
the minimum power level needed to forward a packet. A varietyof centralized or dis-
tributed scheduling methods [13] have been used to control the topology for wireless
networks. However, we consider centralized approach prohibitive in dense wireless sen-
sor networks. In addition, the above distributed reservation approach relies on feedback,
which is impossible to manage for broadcast messages that weconsidered here.

MAC layer improvementsTypical 802.11 MAC layers use RTS and CTS control pack-
ets set at maximal power to eliminate the hidden terminal problem. RTS/CTS schemes
lower spatial reuse by blocking possible concurrent transmissions. One scheme [4] pro-
posed to transmit data packets at the minimum required powerlevel thus reducing en-
ergy use, however, there was no spatial reuse improvement. Another work [7] proposed
a separate busy tone channel, which was used by each node to advertise the additional
noise level that could be accommodated and thus could support more concurrent trans-
missions, i.e., better spatial reuse. Instead of modifyingthe MAC layer directly, our
range control scheme could work between the MAC and routing layers.

Analytic Modeling The analytic modeling work most related to ours is [11], which
found the optimum degree where packet forwarding would havethe best expected
progress. Our analytic modeling methods are similar in thatwe reason about the best
expected likelihood of packet reception.

6 Conclusion

In this work we presented an analytic model for ad-hoc wireless networks to predict
the optimal range to maximize the 1 hop broadcast coverage. Our approach is in effect
performing topology control on the broadcast packets. Unlike most topology control
approaches, however, we took a geometric rather than a graphtheoretic approach to
reason about the impact of the effects of range on coverage.



We developed a geometric-based analytic model that describes the relationship be-
tween sending rate, density, range and coverage. Although our model is not a closed-
form solution, we presented a simple method to extrapolate the optimal range given
a node’s local sending rate and density observations. Through simulations we demon-
strated that despite its numerous simplifications, the model predicts the optimal range
setting to within 16% across an order of magnitude set of rates and densities which
could be realistically found in these networks.
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